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Abstract 

The conformal transformations with respect to the metric defining o(n, C) 
give rise to a nonhomogeneous polynomial representation of o(n + 2,C). Using 
Shen's technique of mixed product, we generalize the above representation to a 
non-homogenous representation of o(n + 2, C) on the tensor space of any finite- 
dimensional irreducible o(n, C)-module with the polynomial space, where a hidden 
central transformation is involved. Moreover, we find a condition on the constant 
value taken by the central transformation such that the generalized conformal rep- 
resentation is irreducible. In our approach, Pieri's formulas, invariant operators and 
the idea of Kostant's characteristic identities play key roles. The result could be 
useful in understanding higher-dimensional conformal field theory with the constant 
value taken by the central transformation as the central charge. Our representa- 
tions virtually provide natural extensions of the conformal transformations on a 
Riemannian manifold to its vector bundles. 

1 Introduction 

A quantum field is an operator-valued function on a certain Hilbert space, which 
is often a direct sum of infinite-dimensional irreducible modules of a certain Lie algebra 
(group). The Lie algebra of two-dimensional conformal group is exactly the Virasoro 
algebra, which is infinite-dimensional. The minimal models of two-dimensional conformal 
field theory were constructed from direct sums of certain infinite-dimensional irreducible 
modules of the Virasoro algebra, where a distinguished module called, the vacuum module, 
gives rise to a vertex operator algebra. When n > 3, n-dimension conformal groups 
(depending on the metric) are finite-dimensional. Higher- dimensional conformal field 
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theory is not so well understood partly because we are lack of enough knowledge on the 
infinite-dimensional irreducible modules of orthogonal Lie algebras that are compatible 
to the natural conformal representations. This motivates us to study explicit infinite- 
dimensional irreducible representations of the orthogonal Lie algebra o{n + 2, C) by using 
the non- homogeneous polynomial representations arising from conformal transformations 
with respect to the metric defining o(n, C) and Shen's technique of mixed product (cf. 
[Sgl-3]) (also known as Larsson functor (cf. [La])). 

It is well known that n-dimensional projective group gives rise to a non- homogenous 
representation of the Lie algebra sl(n + 1, C) on the polynomial functions of the projective 
space. Using Shen's mixed product for Witt algebras, the authors [ZX] generalized the 
above representation of sl(n + 1, C) to a non-homogenous representation on the tensor 
space of any finite-dimensional irreducible gl(n, C)-module with the polynomial space. 
Moreover, the structure of such a representation was completely determined by employing 
projection operator techniques (cf. [Gml]) and the well-known Kostant's characteristic 
identities (cf. [K]). 

In this paper, we generalize the conformal representation of of o(n + 2, C) to a non- 
homogenous representation of o(n + 2, C) on the tensor space of any finite-dimensional 
irreducible o(n, C)-module with the polynomial space by Shen's idea of mixed product 
for Witt algebras. It turns out that a hidden central transformation is involved. More 
importantly, we find a condition on the constant value taken by the central transformation 
such that the generalized conformal representation is irreducible. In our approach, Pieri's 
formulas, invariant operators and the idea of Kostant's characteristic identities play key 
roles. The result could be useful in understanding higher-dimensional conformal field 
theory with the constant value taken by the central transformation as the central charge. 
Our representations virtually provide natural extensions of the conformal transformations 
on a Riemannian manifold to its vector bundles. 

Characteristic identities have a long history. The first person to exploit them was 
Dirac [D] , who wrote down what amounts to the characteristic identity for the Lie algebra 
o(l,3). This particular example is intimately connected with the problem of describing 
the structure of relativistically invariant wave equations. It had been shown by Kostant 
[K] (also cf. [Gm2]) that the characteristic identities for semi-simple Lie algebras also 
hold for infinite dimensional representations. 

The n-dimensional conformal group with respect to Euclidean metric (•, •) is generated 
by the translations, rotations, dilations and special conformal transformations 



x i — y 



x — (a 7 , x)b 




(b,b)(x,x) -2 (&,£) + ! 



Let A = C[xi, x n ]. The Witt algebra W(n) = Y^=i>Ad Xi with the commutator of 
differential operators as its Lie bracket. The conformal transformations with respect to 
the metric defining o(n, C) give rise to a nonhomogeneous polynomial representation of 
d : o(n + 2, C) — > W(n), acting on A. Let E r>s be the square matrix with 1 as its (r, s)- 
entry and as the others. Acting on the entries of the elements of the Lie algebra gl(n, A), 
Win) becomes a Lie subalgebra of the derivation Lie algebra of gl(n,A). In particular, 

yV(n)=W(n)®gl(n,A) (1.2) 

becomes a Lie algebra with the Lie bracket 

[di + A u d 2 + A 2 ] = K, d 2 ] + [A u A 2 ] + d 1 (A 2 ) - d 2 (A t ) (1.3) 

for di,d 2 £ W(n) and A 1: A 2 G gl(n,A). Shen [SI] found a monomorphism S : W(n) — >■ 
W(n) defined by 

re ran 

/^j = £ hd Xi + d M) ® /w.,- (i.4) 

i=l i=l «,j=l 

Moreover, he [S1-S3] used the monomorphism S to develop a theory of mixed products for 
the modules of Lie algebras of Cartan type, which is also known as the Larsson functor (cf. 
[L]) in the case of Witt algebras. Rao [R] constructed some irreducible weight modules 
over the derivation Lie algebra of the algebra of Laurent polynomials based on Shen's 
mixed product. Lin and Tan [LT] did the similar thing over the derivation Lie algebra of 
the algebra of quantum torus. The second author [Z] determined the module structure of 
Shen's mixed product over Xu's nongraded Lie algebras of Witt type in [X]. 

Let M be any o(n, C)-module and let b G C. It can be verified that S( , i9(o(n + 
2, C))) C tf(o(n + 2, C)) + o{n, A) + A Y%=i E ^ which enable us to define an o(n + 2, C)- 
module structure on M = A®cM, where the hidden central transformation (X)"=i ^m)Im 
takes the constant value b. We call such a module M a generalized conformal module of 
o(n + 2, C). Geometrically, the tensor modules yield natural extensions of the conformal 
transformations on a Riemannian manifold to its vector bundles. For any two integers m 
and n, we use the notion 

_ f {m, to + 1, • • • , n} if m < n, , , 

^0 otherwise. ^ ' ' 

Moreover, we denote by N the set of nonnegative integers. 

Suppose that S is a vector space over M with a basis {ei \ i G l,m} and the inner 
product (Yli=i a i £ ii Ylr=i c r £ r) = Yl^i* 1 * *- ^ s usua l ; we take the set of simple positive 
roots n 2m = {sj — £j + i, e m _i + e m | i G 1, to — 1} of o(2m, C) and the set of simple positive 
roots n 2m+ i = {ei — £j+i, £ m | i G 1, m — 1} of o{2m + 1, C). Set 

A+ = {ij e £ | [2(fi, v)\ G N for v G n n }, n = 2m,2m + l. (1.6) 



It is well known that any finite-dimensional irreducible o(n, C)-module is a highest- weight 
irreducible module V(/i) with highest weight /i G A+ (e.g., cf. [Hu]). For // = Y1T=\ e 
A+, we define t M e 1, m by 



Using Pieri's formulas, invariant operators and the idea of Kostant's characteristic iden- 
tities, we prove: 

Main Theorem. Let ^ /i = YlT^if^^i ^ with n = 2m, 2m + 1 > 3. The 

generalized conformal module V(fj,) of o{2m, C) is irreducible ifbE C\ {m — 1 — N/2, /ix + 
2m — t M — 1 — N}. Moreover, the generalized conformal module V(/i) of o{2m + 1,C) is 
irreducible ifb E C \ {m — N/2, /ix + 2m — — N}. 

T/ie generalized conformal module V(0) of o(n, C) zs irreducible if and only ifbE~ — N. 
Wien 6 = 0, V(0) isomorphic to the natural conformal o(n + 2,C)-module A, on 
which A(f) = •&(A)(f) for A E o(n + 2, C) and f E A. The subspace C forms a trivial 
o(n + 2,C)-submodule of the conformal module A and the quotient space A/C forms an 
irreducible o(n + 2, C) -module. 

In some singular cases of /j, ^ 0, the condition can be relaxed slightly. We speculate 
that the module V(0) may play the same role in higher- dimensional conformal field theory 
as that of the vacuum module of the Virasoro algebra plays in two-dimensional conformal 
field theory. The central charge in two-dimensional conformal field theory may be replaced 
by the constant b in the above theorem for higher- dimensional conformal field theory. 

The paper is organized as follows. In Section 2, we prove the main theorem for 
o(2m, C) (m will be replaced by n customarily). Section 3 is devoted to the proof of the 
main theorem for o(2m + 1, C) (m will also be replaced by n customarily). 

2 Generalized Conformal Representations of D n+i 

Let n > 1 be an integer. The orthogonal Lie algebra 



//i = fi 2 = ■ ■ ■ = /V ^ fi^+l- 



(1.7) 



o(2n,C) 



'p,n+q 



Eq t n+p) + C(-£7 n + Pj g E n +q t p)\ 



l<p<q<n 



n 




(2.1) 



We take the subspace 



n 




(2.2) 



i=i 



as a Cartan subalgebra and define {ei \ % G 1, n} C W by 

£ i(Ej,j ~ En+j,n+j) = Sij. (2.3) 

The inner product (•, •) on the Q-subspace 

n 

L Q = J2^ ( 2 - 4 ) 

i=i 

is given by 



(£i,£j) = <Jij for i,j G l,n. (2.5) 
Then the root system of o(2n, C) is 

$ Dn = {±^ ± £j | 1 < i < j < n}. (2.6) 

We take the set of positive roots 

*+ n = {e i ±e j \l<i<j<n}. (2.7) 

In particular, 

Ud„ = {si — £2, £ n-i ~ £ n, £n-i + e n} is the set of positive simple roots. (2.8) 
Recall the set of dominate integral weights 



A + = {fie L Q \ (e n -i + e n , //), (sj - e i+1 ,/i) G N for i G 1, n - 1}. (2.9) 
According to (2.5), 

n 

A + = {/! = I G Z/2; - /i n _! + u n G N}. (2.10) 

1=1 

Note that if // G A + , then > |u„|. Given /i G A + , there exists a unique sequence 
S(/i) = {no, ni, n s } such that 

= no < n\ < 112 < ■ ■ ■ < n s _i < n s = n (2.1 1) 

and 



Hi = fij n r < i,j < n r+ i for some r G 0, s — 1. (2-12) 

For A G A + , we denote by V(A) the finite-dimensional irreducible o(2n, C)-module 
with highest weight A. The 2n-dimensional natural module of o(2n, C) is V{e\) with the 



weights {±£j I i G l,n}. The following result is well known (e.g., cf. [FH]): 

Lemma 2.1 (Pieri's formula). Given u G A + with S(/jl) = {n 0: n 1: n s }, 

s 

V(e 1 ) ® c V{n) = 0(V(u - e ni ) © \/(u + £ 1+ni _J) (2.13) 



i=l 



ifpLn-! + /i n > and 

ViejQcVbji)* ^-geQ^ + ^J (2.14) 

i=i i=i 

w/ien /i n _i + /i n = 0. 

Denote by U(Q) the universal enveloping algebra of a Lie algebra Q. The algebra 
£/((/) can be imbedded into the tensor algebra U(Q) ® U(Q) by the associative algebra 
homomorphism d : U(Q) —¥ U(Q) <8> c U{Q) determined by 

d(u) =«(8)l + l(8)u forwG^. (2.15) 

Note that the Casimir element of o(2n, C) is 

W = [(-^i.n+j ~~ Ej tn+ i)(E n+ j t i — E n+ ij) + (E n+ j t i — E n+ i t j)(Ei <n +j — Ej tJl+ i)] 

l<i<j<n 
n 

+ J2 (E id - E n+hn+l ){E hl - E n+hn+j ) G U(o(2n, Q). (2.16) 

Set 

u) = -w<g>l-l<g>a;)e C/(o(2n, C)) ® c C/(o(2n, C)). (2.17) 

By (2.16), 

W = i(Ei,n+j — Ej,n+i) ® (E n +j,i — E n+i j) + (E n +j,i ~ E n+i j) <S> {E ijTl+ j — E^ n+i )\ 

l<i<j<n 
n 

+ ~ ® (-^j,* ~~ E n+i>n+j ). (2.18) 



Denote 



P=\Y. V - ( 2 - 19 ) 



Then 

(p, i/) = 1 for v G II Dn (2.20) 

(e.g., cf. [Hu]). By (2.8), 

n-l 

p = ^(n-i) ei . (2.21) 

For any /i G A + , we have 

= (Ai + 2p,^)Idv(„). (2.22) 



Denote 



£+(/i) = dim\/(/i + 5i) if/i + £iGA + 



(2.23) 



and 

£-(fx) = dimV(fi- Ei) if p - e t E A + . (2.24) 

Observe that 

(p + Si + 2p, Li + Ei)-(Li + 2p, p) - (ei + 2/o, £1) = 2(^ + 1 - i) (2.25) 

and 

(// - ei + 2p, n-ei)-(n + 2p, p) - (Ei + 2p, £l ) = 2(1 + i - 2n - p^ (2.26) 

for p = YTr^i^r by (2.21). Moreover, the algebra U(o(2n, C)) ® c U(o(2n, C)) acts on 
V(ei) ®c ^(aO by 

= for 6,6 e l/(o(2ra,C)), u e V( £l ), « e V(/i). (2.27) 

By Lemma 2.1, (2.17) and (2.23)-(2.26), we obtain: 

Lemma 2.2. Let p = J2™ =1 PiEi G A + with S(p) = {n Q ,rii, ...,n s } . If p n -\ + p n > 0, 
the characteristic polynomial of Q\v( ei )<s> c v(ji) ^ s 

s 

]J(t - p 1+ni _ x + n^f^-^it + p ni + 2n-n t - 1)*™». (2.28) 
i=i 

When p n -i + p n = 0, the characteristic polynomial of u\v( £ i)«> c v(^) is 

s-l s-2+5 Mn ,o 

lY[(t - p l+nt + nrf^-^l J] ( t + p nj +2n-n j -lY^\. (2.29) 
i=o i=i 

We remark that the above lemma is equivalent to special detailed version of Kostant's 
characteristic identity. Set 

A = C[x 1 ,x 2 ,...,x 2 n\- (2.30) 
Then A forms an o(2n, C)-module with the action determined via 



E id \ A = Xid Xj for i,j e l,2n. (2.31) 
The corresponding Laplace operator and dual invariant are 

n n 

A = Yl d *r d x n+ r , r l = Yl % i % n+i- ( 2 - 32 ) 
r=l i=l 

Denote 

2n 

-D = x r d Xr , Ji = XiD — i]d Xn+i , J n +i — Xn+iD — f]d Xi) (2.33) 



r=l 



%id Xj x n+jd Xn+i , Bij Xid Xn+j Xjd Xn+i ,Cij x n +id Xj x n +jd Xi (2.34) 



for i,j e 1, n. Then 

2n n 

C 2n = CD + J2(<Cd Xr + CJ r ) + J2 CA ^ + (CBij + CGj) (2.35) 

is the Lie algebra of 2n- dimensional conformal group over C with rj as the metric. 
Set 

n 2n 2n 

i,j=l l<i<j<n i=l i=l 

Then £ = o(2n, C)|^. We can easily verify the following Lie brackets: 

[J,J] = {0}, [V,V] = {0}, [d Xk ,J n+i ] = C i>k , [d Xn+k ,Ji]=B itk , (2.37) 

[d Xk , Ji] — &k,iD + A ijk , [9 Xn+k , J n +i] = Sk,iD — A kji , (2.38) 

[d Xk ,A,j] = h,id Xj , [d Xk ,B id ] = 5k,id Xn+J - S k:j d Xn+i , [d Xk ,C i:j ] = 0, (2.39) 

[dx n+k ,A,j] = S k jd Xn+i , [d Xn+k ,B id ] = 0, [d Xn+k ,C id ] = 5 Ki d Xj - 6 kJ d x ., (2.40) 

[Jk-, = ~$k,jJi, {Jki B i: j] = 0, [J k ,Cij] = 5 k: iJ n+ j — 5 k jJ n+ i, (2-41) 

[Jn+k, = $k,iJn+ji [Jn+k, Bij] = $k,iJj ~ $k,jJi, [Jn+k, = 0? (2.42) 

[D, J k ] = J k , [D, J n+k ] = J n+ k, [d Xk , D] = d Xk , [d Xn+k , D] = d Xn+k (2.43) 



for k e l,n. Recall that the split 

o(2n + 2, C) = [C(E r>n+1+s — E s , n+ i +r ) + C(E n+1+rjS — E n+1+Sjr )] 

l<r<s<n+l 

71+ 1 

+ C (^.i - E n+1+jtn+1+i ). (2.44) 

By (2.37)-(2.43), we have the Lie algebra isomorphism $ : o(2n + 2, F) — > C 2 « determined 
by 

~ E n+ i + j in+ i + i) = A it j, $(E r . in+ i +s — E Sin+ i +r ) = B r s , (2-45) 

$(E n +l+r,s — K+l+s,r) = Cr,s, ^(E n +l,n+l ~ E 2n +2,2n+2) = ~D, (2.46) 

fi(En+l,i — E n+ i +it 2n+2) = 9 Xi , r &(E i; 2 n +2 — -En+l.ra+l+i) = ~d Xn+i , (2.47) 

^(E^n+l — E 2n+ 2,i+n+l) = — Ji, $(E2n+2,i ~ -En+l+j,n+l) = Jn+i (2.48) 



for i, j £ l,n and 1 < r < s < n. 



Recall the Witt algebra W 2ra = X)i=i Ad Xi , and Shen [Sgl-3] found a monomorphism 
S from the Lie algebra W 2 „ to the Lie algebra of semi-product W 2 „ + gl(2n,A) defined 
by 

2n 2n n 

3(£ fid Xi ) = fid** + E d M)Ei,j- (2.49) 

i=l i=l ij=l 

Note that C 2n C W 2n and 
^(^■ij) = Ai,j + — E n+ j :n+i , ^s(B r s ) = B r s + E r ^ n+S — E Sjn+r , ^s(d Xi ) = d Xi , (2.50) 

2ra 

3f(C r , s ) = C r ,s + £„+r l8 - #n+.,r, ^(^„ +i ) = d Xn+i , $f(D) = D + ^ £ p , p (2.51) 

p=l 

ra ra 2n 

^$(Ji) = Ji ~\~ ^ * ~ %n+p{Ei t n+p -Ep,ra+i) "I" ^ ^ %q(Ei q -En+^n+i) + Xj ^ ^ ^P,pi (2.52) 
p=l g=l p=l 

ran 2ra 

^(^ra+i) = Jn+i^ ^y ^ x n+p{En+i,n+p Ejp,'i) ~l~ ^ ^ x q{E n +i,q ^n+g,i) ~l~ ^n+t ^ ^ -^*P,P (2.53) 
p=l (jr=l p=l 



for i, j G 1, n and 1 < r < s < n. Moreover, 

2n 

C 2n = C 2n + o(2n, A) + A J2 E vv ( 2 - 54 ) 

p=i 

forms a Lie subalgebra of W 2n + gl(2n,A) and S(C 2n ) C C 2n . In particular, the element 
Sp=i Ep,p 1S a hidden central element. 

Let M be an o(2n, C)-module and let 5 G C be a fixed constant. Then 

M = A® ¥ M (2.55) 

becomes a C 2n -module with the action: 

2n 

(d + f\A + f 2 J2 Ep,p) {g®v) = (d(g) + bf 2 g) ®v + f l9 ® A(v) (2.56) 
p=i 

for /i, / 2 , g & A, A G o(2n, C) and t> G M. Moreover, we make M a C 2n - module with the 
action: 

£(w) = 5(OH for £ e C 2n , iu G M. (2.57) 
Furthermore, M becomes an o(2n + 2, F)-module with the action 

A(w) = &(&(A))(w) for A G o(2n + 2, C), w £ M (2.58) 

(cf. (2.45)-(2.48)). 



Lemma 2.3 If M is an irreducible o(2n, C) -module, then the space U(J)(\ <S> M) 
is an irreducible o(2n + 2, C)-submodule of M. 



Proof. Recall o(2n,C)\ A = C . Moreover, (2.41) and (2.42) give 

[C ,J] = J. (2.59) 

Note that D is the degree operator (cf. (2.33)) and 

[V, J] C C + CD (2.60) 

by (2.37) and (2.38). According to (2.35) and (2.36), 

$(o(2n + 2X)) = C 2 n = C + V + J + CD. (2.61) 

By (2.43) and (2.59)-(2.61), U(J)(1 <g> M) forms an o(2n + 2, C)-submodule of M. 
Let W be a nonzero o(2n + 2, (C)-submodule of f/(J r )(l <g> M). Note 



dxi\M = d Xi 1 for i 6 1, 2n. (2.62) 

By repeatedly applying the above operators to W, we can prove 

W P|(l ® M) 7^ {0}. (2.63) 

However, W^f"|(l ® M) is a nonzero £o _su bmodule of 1 £g> M, which is an irreducible 
£ -module. Therefore, \ ®MdW. As a C 2n -module, W D U(J)(l <g> M). □ 

Write 

2n 2n 

^ = n^' ja = II J ^ for « = («i,«2,-,«2„) GN 2ra . (2.64) 
i=i i=i 

For fc 6 N, we set 



2n 



A = Span c {:r a | a G N 2ri , a { = k}, M {k) = A k ® € M (2.65) 

i=i 

and 



2n 



(U(J)(l <S> M))( k ) = Span c {J a (l <g> M) \ a e N 2n , ^ ai = k}. (2.67) 



i=i 



Moreover, 

{U(j){l®M)) {0) = M {0) = l®M. (2.68) 

Furthermore, 

CO oo 

M = M (fc) , [/(JXl ® M) = 0(C/(J)(1 ® M))< fc) . (2.69) 

fc=0 fc=0 

Next we define a linear transformation </? on M determined by 

(p(x a <g> u) = J a (l <g> u) for a G N 2ri , u G M. (2.70) 



Note that Ai = X)i=i forms the 2n-dimensional natural £ - m °dule (equivalently 
o(2n, C)-module). According to (2.41) and (2.42), J forms an £ -module with respect to 
the adjoint representation, and the linear map from A\ to J determined by x^ h- > Ji for 



i 6 l,2n gives an £ - m °dule isomorphism. Thus (p can also be viewed as an £ - m °dule 
homomorphism from M to U(J)(1 ® M). Moreover, 

V (M {k) ) = (U(J)(1 ® M)) <fc> for fceN. (2.71) 

Lemma 2.4. We have ip\m (1) = (6 + £)Im w fc/. (2.16)-(2.18)). 



Proof. Let i e l,n and v E M. Expressions (2.52), (2.53) and (2.56)-(2.58) give 

tp{xi ®v) = J i (l(g)v) = ^2x n+p <g> (E ijJl+p - E P:Tl+i )(v) 



P =i 



+ x i ~~ ^n+9,n+i) (u) + 6Xi <g> (2.72) 

9=1 



p=l 

n 

+ x 9 <g> (E n+ijq - E n+Qti ) (v) + bx n+i <g> (2.73) 

9=1 

On the other hand, (2.18) and (2.31) yield 

Cj(Xi <g> V) = [(^p,n+ 9 - £g,n+p) <8> (^n+q.p ~ K+p,g)(^ ® «) 

l<p<5<n 

+ (-E'n+ ( },p — E n+P:q ) <g) (E p ^ n+q — E q!n+ p)(Xi <g> f )] 



r,s=l 

n 



= ^x„ + p(8)(S ii „ + p-S P)n+i )(w) + ^a; r (8)(£; iir -£;„+r,n+i)(^), (2.74) 

p=l r=l 

^(^n+i <E> f) = [(-Ep,n+<J ~ E qtn+p ) ® (E n+QtP — E n+pA )(x n+ i ® f ) 

l<p<<j<ra 

+ (-^n+9,p — E n+Ptq ) <S> {E p , n+q — E q ^ n+p )(x n+ i ® f )] 

+ (^r,s ~~ -^n+s,n+r) <8> (-E's.r — -^n+r,n+s) (^n+i ® ^) 

r,s=l 

n ra 

= J^Xp <g> (^ n +i,p - E n+Pji )(v) + ^x n+s ® (E n+ijn+s - E S:i )(v). (2.75) 

p=l s=l 

Comparing the above four expressions, we get the conclusion in the lemma. □ 



For / G A, we define the action 

f(g ®v) = fg®v for g G A, v G M. (2.76) 
Then we have the o(2n, C)-invariant operator 

n 

T = y ^(JjX n+ j + J n +jXj) | j^. (2.77) 
i=i 

Lemma 2.5. PFe /iawe = (26 + 2 - 2n + ^)^| jQ= <fc> ■ 

Proof. Let / be a homogeneous polynomial with degree k and let v G M. By (2.52), 
(2.53) and (2.57), we have 

n n 

T(f <g> v) = ^(JiX n+i + J n+i Xi)(f <g> u) = J^[Ji(a; n+i / ®!)) + J n +i(xif ® v)] 

i=l i=l 
n n 

— y^[^(^ra+i/) <8> f + (^ra+p^ra+t /) <8> {E,^ n+p — E Ptn+ i){y) 
i=l p=l 

n 2ra 

+ ^(x,2; n+i /) <g> - £ n+ , jn+i )(u) + (xiX n+i f) <g> (^S P)P )(v) 

<2=1 p=l 



i)f <g> (£„+i,n+ P - 

p=l 

n 2n 

+ 5^(z<jZ»/) <g> (^n+i,g - #n+?,i)(v) + (^n+i^i/) ® (^£p,p)(^)] 
g=l p=l 
n ra 

[(^n+p^n+i/) <S> E itn+p {v) — (x n+p X n+ if) <S> E p>n+ i(v)] + (x q X n+ if) 
i,p=l i,q=l 

n n 

®{E itq - E n+q . n+i )(v) + (x n+p Xi)f <g> {E n+i . n+p - E Pji )(v) + \{x q Xif) 

i,p=l i,q=l 



®E n +i^ q (y) — [x q Xi 

i=i 

n 

= E[Ji(x n+i /) + J n+i (x i /)]+ 2677/]<8)7;. (2.78) 

i=l 

According to (2.33), we find 

n 

i=l 
n 

= ^[{xiD - r)d Xn+i )(x n+i f) + (x n+i D - rjd x .)(xif)] 
i=i 

= 2(k + 1)77/ - 2nr)f - r)D(f) = (A; + 2 — 2ri)r)f. (2.79) 
So the lemma holds. □ 



For 0^/i = Yli=i ^i £ i e ^ + with S(/i) = {n Q , n 1? n s }, we define 

= f ^ + n - 1 - N if ^ = -» n > and s = 2, 

[ yUi + 2n — ni — 1 — N otherwise. 

Theorem 2.6. For ^ ji G A + 7 t/ie generalized conformal o(2n + 2, C)-module V(/i) 
defined by (245)-(2.58) is irreducible ifbeC\{n-l- N/2, 9(/i)}. 

Proof. By Lemma 2.3, it is enough to prove that the homomorphism (p defined in 
(2.70) satisfies ip(V(/i)) = V(fi). According to (2.71), we only need to prove 

v?(n5 (fc) ) = n5 (fe> (2.81) 

for any k G N. We will prove it by induction on k. 

When k = 0, (2.81) holds by the definition (2.70). Consider k = 1. Write // = 
Y^i=i ^i £ i e A + with <S(/i) = {n , ni, According to Lemma 2.2 and Lemma 2.4 
with M = \/(/i), the eigenvalues of v\y^ are 

6 + /ii+m^ - rij-i, - /x ni - 2n + + 1 for i G 1, s if // n _i + /i n > (2.82) 

and 



& + Hi+m-! ~ n-i-i, b - /ji nr - 2n + n r + 1 for i G 1, s, r G 1, s - 2 + 5 m „,o (2.83) 



when /x n _i + /x n = 0. Recall that ji r G Z/2 for r G 1, n, 



A* t +i - A* t G N for i G 1, n - 1, /x n _i > |// n | (2.84) 
and (2.12) holds. So 

— A*i+ni_i + ^i-i, A*ni + 2n — nj — 1 G /ii + 2n — n\ — 1 — N for i G 1, s. (2.85) 

If 6 G" /ii + 2n — ni — 1 — N, then all the eigenvalues of vly^j are nonzero - m the case 
A*n — —f^n-i > and s — 2, — = —fi n and the eigenvalues vly^j are b + fii and 
b+ji n — n+1 = b—fXi — n+l, which are not equal to because of b £ Q{fJ>) = ^i+n — 1— N. 
Thus (2.81) holds for k = 1. 

Suppose that (2.81) holds for fc < £ with £ > 1. Consider k — £+l. Note that 

In 2n 2n 

V^H^W = J2<p(xiV(ri {ei ) =Y,JMVfa) {ei )] = £ MV&\i>) (2-86) 

i=l i=l i=l 

by the inductional assumption. To prove (2.81) with k = £ + 1 is equivalent to prove 

2n 

E J *(^w) = H"W ( 2 - 87 ) 

i=l 



For any u G V(A*)(e-i)> Lemma 2.5 says that 

n 

Y}Ji{Xn+iU) + J n +i(XiU)\ = (2b + 1 - 2n + £)r}U. (2.88) 

1=1 

Since b&n-l- N/2, 2b + 1 - 2n + £ ^ and (2.88) gives 

2n 

Mn») { e>) fOT « e n5 ( ,_ 1} . (2.89) 

i=i 

Let g <S>v & V(/i)^y According to (2.52)-(2.57) and Lemma 2.4, 

n 

Ji{g®v) = XiD(g)®v - rjd Xn+i (g) ® v + ^x n+p g ® (E^ n+P - E p . n+i )(v) 

P =i 

n 2n 
g=l p=l 

= -^*„ +i (ff)®u + 0[(*+& + w)(a:i®u)] (2.90) 

and 

n 

J n +i{g®v) = x n+i D(g)®v-r]d Xi (g)®v + ^2 l x n+p g®(E n+i , n+p -E Pjj )(v) 

P =i 

n 2n 

+ X ^0 ® (■Sn+i.g - £«+<?,*) (v) + a:^^ <g> E pjP ) (v) 

q=l p=l 

= -^* i (ff)®u + 0[(^ + & + w)(x n . H <g>u)] (2.91) 



for i G 1, n. Since 



2n 



•qd Xi (g)®v, i)9 In+ ,(</)^^J r (^) (<) ) for i £ l,n (2.92) 



r=l 



by (2.89), Expressions (2.90) and (2.91) show 



2n 



#[(£ + 6 + u){xi <g> u)] G X J r (\/(^) w ) for i £ 1, 2n, g G ^. (2.93) 

r=l 

According to Lemma 2.2 and 2.4, the eigenvalue of (£ + b + oj)\p^ are among 

{b + £ + fn+n^ - rii-i, & + ^ - /in, - 2n + rii + 1 | % G M}. (2.94) 

Again 

—I - fJ-i+m-! + rii-i, —£ — + 2n - rii — 1 G pLi + 2n — n\ — 1 - N for % G 1, s. (2.95) 

If 6 G" Hi + 2n — n-i — 1 — N, then all the eigenvalues of {£ + b + u) | are nonzero. In the 
case jj, n = — /i n -i > and s — 2, fj, ± — /i n _i = —ji n and the eigenvalues (£ + b + u))|^^ 



are b + [i\ + i and b + /ji n — n + l+£ — b — n+l+£, which are not equal to because 
of b 6(/i) = /ii + n - 1 - N. Hence 

(l + b + u)^) {l) ) = V^) {l) . (2.96) 

By (2.93) and (2.96), 

2n 

<K^)<i>) C J2 J r(V(n) {e} ) for <? G Ai, (2.97) 

r=l 

equivalently, (2.81) holds for k — £ + 1. By induction, (2.81) holds for any fceN. □ 

We remark that the o(2n + 2, C)-module V(/x) is o(2n, C)-finite, that is, V(fi) is of 
(Q, /C)-type with = o(2n + 2, C) and /C = o(2n, C). Up to this stage, we do not known 
if the condition in Theorem 2.6 is necessary for the generalized conformal o(2n + 2, C)- 
module V(/i) to be irreducible if \i ^ 0. In the case \i = 0, the situation becomes clear. 

Theorem 2.7. The generalized conformal o(2n + 2, C) -module V(0) is irreducible if 
and only ifb ^ —N. When 6 = 0, V(0) is isomorphic to the natural conformal o(2n+2, C)- 
module A, on which A(f) = &(A)(f) for A e o(2n + 2,C) and f e A (cf. (245)-(248)). 
The subspace C forms a trivial o(2n + 2, C)-submodule of the conformal module A and the 
quotient space A/C forms an irreducible o(2n + 2, C) -module. 

Proof Pick y^v e V(0). Then V{0) = A <g> v . Since V(0) is the trivial o(2n, C)- 
module, (2.50)-(2.57) yield 

£(/ ® «o) = £(/) ® for / G A £ G A + X> (2.98) 

(cf. (2.36)) and 

D(f®v ) = (b + D)(f)®v , (2.99) 

W®uo) = M^+^-^+.KiO^o, Jn+i(f®v ) = [x n+i (D+b)-rid Xi ](f)®v (2.100) 

for / G A and i G T72ra (cf. (2.33)). 

Recall the action of o(2n + 2,C) on V(0) by (2.58). In particular, the map f ®vq^ f 
for f £ A gives an o(2n, C)-module isomorphism from V(0) to A. Remember the o(2n, C)- 
invariant differential operator A = Yli=i 9 Xi dx n+i and its dual rj = Y^7=i x i x n+i- Moreover, 
Ak denotes the subspace of homogeneous polynomials in A with degree k. Set 

n k = {fe A k \ A(/) = 0} forfcGN. (2.101) 

Then Tik^vo is an irreducible o(2n, C)-submodule with the highest-weight vector x\ ®vq. 
Indeed, 

oo 

V(0)= V m n k ®v (2.102) 

m,fc=0 



is a direct sum of irreducible o(2n, C)-submodules. On the other hand, U (J)(l®v ) forms 
an irreducible o(2n + 2, C)-submodule of V(0) (cf. Lemma 2.3). By (2.100), a necessary 
condition for V^O) = U{J){1 <g> u ) is 6 ^ -N. 

Next we assume b £ —N — 1. Let be a nonzero o(2n + 2, C)-submodule of V^(0) 
such that 

W <£ C®v if 6 = 0. (2.103) 
By repeatedly acting V on W if necessary, we have 1 ® v G W. Note 

Jj(l ® d ) = &Xi (g) d for i G l,2n. (2.104) 

Thus 

V(0) {1) C W (2.105) 

if b ^ 0. When 6 = 0, (2.105) also holds because of (2.103), D(W) C W and the 
irreducibility of V(0)^ as an o(2n, C)-submodule. Suppose that 

V(0) {k) CW for k < £, (2.106) 

where 2 < £ G N. According to (2.102), 

VX0) (,) = V m n e - 2m ® v . (2.107) 



m=0 



Moreover, 



Set 



[A,r]]=n + D. (2.108) 

r 

= *T^-2m ® (2.109) 



m=0 



for r G 0, [£/2]. Then 

V(o\ r) = { W G V(0) w | = 0} (2.110) 

and 

A r (V(0)^ r) )=ne-2r®v (2.111) 

by (2.108). 
Since 

Mxt 1 ®v ) = (b + £- l)x[ ®v eW (2.112) 

and b — N — 1, we have 

x[®v Q eW. (2.113) 



Hence 

VM m =ne®v cW (2.114) 
because He ® v is an irreducible o(2n, C)-submodule generated by x\ <8> v . Recall n > 2 



by our assumption. For r G 1, 

J 2 (4~ r '" 1 < + i ® u ) = (b + £ - l)x[- r - 1 x 2 x r n+1 <S>vq & W. (2.115) 
So £22^+1 <8> v G W. Moreover, 

r 

AVr r_1 Z2<+i ® «o) = r![JI(^ - r - s)]xf- 2r - 1 x 2 <g> v G ?^_ 2r . (2.116) 

s=l 

Observe that (2.107) is a direct sum of irreducible o(2n, C)-submodules with distinct 
highest weights. So 

v (°){e>r\ w= 0(^-2- ® ^o) n ^ ( 2 - 117 ) 

m=0 

By (2.109)-(2.111) and (2.116), (rj r H e -2r®v ) f]Wisa nonzero o(2ra, C)-submodule. Since 
rfHe-ir®^ is an irreducible o(2n, C)-module, we have rj r T-Le-2r®v = {rfHe-2 r ®vo) fl W". 
Therefore, V(0)^ C W. By induction, 1 / (0) (fc) C for any k G N, equivalently, = 
V(0). This proves the theorem. □ 

3 Generalized Conformal Representations of B n+ \ 

Let n > 1 be an integer. The orthogonal Lie algebra 

n 

o(2n + 1, C) = o(2n, C) + ^[C(£ 0jl - £ n+ij0 ) + C(£ ,n + * - E ifi )] (3.1) 

i=i 

(cf. (2.1)). We take (2.2) as a Cartan subalgebra and use the settings in (2.3)-(2.5). Then 
the root system of o(2n + 1, C) is 



$ Bn = {±Ei ± Ej, ±e r | 1 < % < j < n; r G 1, ra}. (3.2) 
We take the set of positive roots 



®B n = i £ i ^ £ j> £ r | 1 < i < j < n,r G 1, n}. (3.3) 

In particular, 

n Bn = {e 1 — e 2 , •••,£n-i — e m e n) 1S the set of positive simple roots. (3.4) 
Recall the set of dominate integral weights 

A + = {fi G L Q I 2(e n , //), (gj - e i+ i, /i) G N for % G l,ra - 1. (3.5) 



According to (2.5), 

n 

A+ = {V = Y1 ^ i£i I e N/2; m - G N for % G l,n - 1}. (3.6) 



Given \i = X^r=i/ i « £ « e there exists a unique sequence «S(/x) = {n ,ni,n 2 , ...,n s } such 
that (2.11) and (2.12) holds. Denote 



Then 

2(P,^) 



(z/, i/) 

(e.g., cf. [Hu]). By (3.4), 



for v G n Bn (3.? 



n-l 



p = J2(n-t + l/2)e t . (3.9) 



i=i 



For A G A + , we denote by V(X) the finite-dimensional irreducible o(2n + 1, C)-module 
with highest weight A. The (2n + l)-dimensional natural module of o{2n + 1, C) is V(ei) 



with weights {0, ±£j | i G l,n}. The following result is well known (e.g., cf. [FH]): 
Lemma 3.1 (Pieri's formula). Given fiG A + with «S(/x) = {n ,ni, ...,n s } ; 

s-<5 M „,o-5 Mn ,i/2 s 

ViejQcVM^Vfa)® %-^,)®®% + %,J. (3-10) 

i=l r=l 

Note that the Casimir element of o(2n + 1, C) is 

w = ^ [(^i,n+j — Ej tn+i )(E n+jt i — E n+i j) + {E n+jti — E n+i j)(E itn+ j — Ej >n+i )] 
l<i<j<n 
n 

+ y^[(^o,i — E n+ ip)(E it o — Eo !n+i ) + {Eifi — E ^ n+i )(E Qt i — E n+it0 )] 

n 

+ £ - E n+j , n+i ){E hi - E n+i , n+j ) G C/(o(2n + 1, C)). (3.11) 

Set 

w = -(d(w) - w (g) 1 - 1 (8) w) G U(o(2n + 1, C)) ® c C/(o(2ra + 1, C)). (3.12) 
2 

By (3.11), 

W = E [(-E^n+j — Ej,n+i) <8> {E n +j,i — E n+i j) + (E n+ j ti — E n+i j) <g) (E i:Tl+ j — E^+j)] 
l<i<j<ra 
n 

+ y^[(^0,i _ ^n+i.o) ® (-E'i.O - £b,n+i) + (^,0 - ^0,n+i) ® (i?0,i ~ ^n+i.o)] 

i=l 

n 

+ E (^ij — E n+ j jn+i ) <g) (£j ; j — E n+ijn+ j). (3.13) 



Moreover, (2.22) also holds. Take the settings in (2.23) and (2.24). Denote 

g(p) =dimV(p). (3.14) 

Observe that 

(p + 2p, p)-(p + 2p, p) - (ei + 2p, ei) = -2n, (3.15) 

(p + Si + 2p, p + Ei)-(p + 2p, p) - ( £l + 2p, £l ) = 2(^ + 1 - i) (3.16) 

and 

(p - e t + 2p, p-£i)-(p + 2p, p) - ( £l + 2/o, ei) = 2(i -In- Pi) (3.17) 

for p = Y^=i^r£r by (3.9). Moreover, the algebra U(o(2n + 1,C)) ®c E/"(o(2n + 1,C)) 
acts on V(ei) <8>c V(aO by 

(£i®&)(u®u) = for 6, 6 e C/(o(2n + l,C)), u G V( £l ), u G V(^). (3.18) 

By Lemma 3.1, (3.12), (2.22) and (3.15)-(3.17), we get: 

Lemma 3.2. Let p = X)i=i A*i £ » e ^ + w ^ ^(/-O = { n o,^i, ■■■,n s }. The characteristic 
polynomial of Q\v( £l )® c v(n) is 

s-5 M „,o-<5 Mn ,i/ 2 s-1 

(f + n)«">[ JJ (t - p 1+n , + n^W^)][J](t + ^ + 2n - n 3 - 1)^»]. (3.19) 

i=0 j=l 

We remark that the above lemma is also equivalent to special detailed version of 
Kostant's characteristic identity. Set 

A = C[x ,Xi,X 2 , -,X2n]- (3.20) 

Then A forms an o(2n + 1, C)-module with the action determined via 



E%,j\a = Xidxj for hj G 0,2n. (3.21) 
The corresponding Laplace operator and dual invariant are 

n 1 " 

Denote 

D = x r d Xr , Ji = XiD — i]d Xn+i , J n +i — Xn+iD — rjd Xi , (3.23) 

r=0 

Jo = x qD — r)d XQ , Ki = X()d Xi — x n+ id xo , K n+i = x$d Xn+i — Xid xo , (3.24) 



2 

r=l i=l 



2n 



%id-£j %n+jdx n+ ii Xid Xn+ j Xjd Xn+i , Cij x n +id x . x n +jd Xi (3.25) 



for i,j G 1, n. Then 

2n 2n n 

C 2n+1 =CD + J2^Ks + J2( Cd *r+ CJ r) + J2 CA ^ + E (CB hJ +CC tJ ) (3.26) 

s=l r=0 i,j=l l<i<j<n 

is the Lie algebra of (2n + l)-dimensional conformal group over C with 77 in (3.22) as the 
metric. Moreover, the subspace 

2n n 

C! 2n = CD + J2( < Cd Xr +CJ r ) + J2 CA i,i+ E (CBij + CQj) (3.27) 

r=l *>J=1 l<i<j<n 

forms a Lie subalgebra of C 2n+ i which is isomorphic to C 2n in (2.35). 
Set 

2n n 2n 2n 

£ = J2 CK ° + I2 CA ^ + E (C^+CCij), .7 = ^4, P = E c ^i- ( 3 - 28 ) 

s=l *>J=1 l<i<j<n i=0 j=0 

Then £ = o(2n + 1,C)U and (2.37)-(2.43) hold. Moreover, 



[^x > -Jo] — D, [d XQ , J n +i] — 


Kii [dxo-i Ji] 


K n -\-i i [d Xo ; Ki] 9 Xi , 


(3.29) 


[9 X o 5 K n +i] &x n+ 


v [4,, Jo] = Ki, 


[dx n+i , Jo] = K n +i, 


(3.30) 


[d Xi ,Kj] = [d Xn+i ,K n+j 


] = 0, [d Xi , K n+j ] 


= [9x n+i ,Kj] = -5 id d X0 , 


(3.31) 


[Jqi Kj\ = J n +ii [Jo? Kn+i] 


J ii [J it Kj] 


[Jn+ii K-n+j] $i,jJoi 


(3.32) 


[Ji, K n+ j] — [Jn+i j Kj] = 0, 


[d X0 ,o(2n,C)\ A ]-- 


= [J ,,o(2n,C)U] = {0} 


(3.33) 



for i,j 6l,n (cf. (3.21)). 
Recall that the split 

n+l 

o(2n + 3, C) = o(2n + 2, C) + Y^[C(Eo ti - E n+i+lfi ) + {E w+l - E ifi )\ (3.34) 

i=i 

(cf. (2.44)). By (3.29)-(3.33), we have the Lie algebra isomorphism d : o(2n + 3,F) — > 
C 2n+l determined by (2.45)-(2.48) and 



•&{E Qti - E n+l+ifi ) = Ki, $(E 0yn+l+i - E ifi ) = K n+i for iel,n, (3.35) 

$(Eo,2n+2 — E n+ ifi) = —d XQ , t?(£ , o jTV+ i — E 2n+2 fl) = Jo- (3.36) 

Recall the Witt algebra W 2n +i = Y^i=Q"Ad Xi , and Shen [Sgl-3] found a monomorphism 
Q from the Lie algebra W 2n to the Lie algebra of semi-product W 2n+ \ + gl{2n + 1,A) 
defined by 

2n 2n n 

^CC/aj = E w« + E ^Wj- ( 3 - 37 ) 

i=0 i=0 i,j=0 



Note that C 2n +i C W 2n +i, and (2.50) and (2.51) except the last equation hold. Moreover, 

2n 

%K t ) = K t + E , - E n+i , , $f(D) =D + J2 E v^ (3-38) 

p=0 

3(Kn+i) — K n+i + E Qt n +i — E ij0 , ^{d Xo ) = d XQ , (3.39) 

n 2n 

3f( J ) = Jo + J^M^o.s - £ n+s ,o) + x n+s (£ ,n+ s - E 8fi )] + x Ep, P , (3.40) 

s=l p=0 



^>(Ji) J + ^ ^ ^n+p{Ej t n+p -^p,n+i) + ^ ^ ZqjEjg -En+^n+j) 

p=l g=l 
2n 

+X (^, - ^0,n+i) + ^P'P' ( 3 - 41 ) 

p=0 



^>(Jn+i) Jn+i ~\~ %n+p{E n +i,n+p Ep ; i) + ^ ^ ^qjEn+i^q -^n+q,i) 

p=l 7=1 
2n 

p=0 

Furthermore, 

C 2n+ i = C 2n +i + o{2n + l,A)+A J £E p , p (3.43) 

p=0 

forms a Lie subalgebra of W 2n +i + gl(2n + 1,A) and S(C 2n+ i) C C 2n +i. In particular, the 
element Y^Lq^p,p * s a hidden central element. 

Let M be an o(2n + 1, C)-module and let b e C be a fixed constant. Then 

M = ^® F M (3.44) 

becomes a C 2n+ i-module with the action: 

2n 

(d + /i A + f 2 J2 E ™) (9®v) = (d(g) + bf 2 g) ®v + f l9 ® A(v) (3.45) 

p=0 

tor fx, f 2, g £ A, A e o(2n + 1, C) and v E M. Moreover, we make M a C 2n -module with 
the action: 

£H = 3f(0H for £ e Can+i, »e£ (3.46) 
Furthermore, M becomes an o(2n + 3, F)-module with the action 

A(w) = $f(#(A))(w) for A G o(2n + 2, C), w E M (3.47) 

(cf. (2.45)-(2.48), (3.35) and (3.36)). By a proof similar to that of Lemma 2.3, we have: 



Lemma 3.3 If M is an irreducible o(2n +1,C) -module, then the spaceU(J)(l®M) 
is an irreducible o(2n + 3, C)-submodule of M . 



Write 

2n 2n 



a = n< 1 ' ja = H J ^ for« = K«i,-,«2„)GN 2n+1 . (3.48) 



x 

i=0 i=0 

For k G N, we set 



2n 



Ah = Span c {x Q | a G N 2n+1 , a i = M (k) = A k ® c M (3.49) 

i=0 

and 

2n 

(U(J)(1 ®M)) (fc) = Span c {J a (l <g> M) | a G N 2n+1 , ^a l = A;}. (3.50) 

j=0 

Moreover, 

([/(^(l <g> M)) (0> = M ( o> = 1® M. (3.51) 

Furthermore, 

oo oo 

M = M (fc) , [/( J)(l ® M) — 0(C/( J)(l ® M)) <fc) . (3.52) 

fc=0 fc=0 

Next we define a linear transformation </? on M determined by 

v ( x a ® v ) = J Q (l ® v ) for a G N 2n+1 , v £ M. (3.53) 

Note .Ai = X^=o ( ^ a; * forms the (2n + l)-dimensional natural £ - m °dule (equivalently 
o(2n+ l,C)-module). According to (2.41), (2.42), (3.32) and (3.33), J forms an C - 
module with respect to the adjoint representation, and the linear map from A\ to J 



determined by \- > Ji for i G 0, 2n gives an £o- m °dule isomorphism. Thus (p can also 
be viewed as an £ - m °dule homomorphism from M to U(J){1 ® M). Moreover, 

<p(M {k) ) = (U(J)(1 <g> M)) {k) for ken. (3.54) 



Lemma 3.4. We W v% (i> = (6 + 6)1^ (cf. (3.11)-(3.13)). 



Proof. Recall M ( i) = Ai ®c M. Let i 6 l,n and i> G M. Expressions (3.40), (3.45) 
and (3.46) give 

n 

<f(x (g) v) = ^[a: s <8> (.Eo.s - £ n+S)0 )(w) + a;„ +s <8> (-Eo.n+s - #s,o)(^)] + ® i>. (3.55) 

s=l 



Moreover, (3.41), (3.45) and (3.46) imply 

n 

<p(Xi®v) = ^ X ™+P ® ( E i,n+P ~ E P,n+i) («) + ^0 ® (£*,<) ~ ^0,n+i) («) 
p=l 

n 

+ ^ X 1 ® (^.9 _ -En+g,n+i) (f) + <8) D (3.56) 
9=1 

for i G T7n. Furthermore, (3.42), (3.45) and (3.46) yield 

n 

(p(x n+i (g) V ) = ^ X n+P ® (En+i,n+p ~ (v) + X <g> (E n+ifi - E 0ji ) (v) 

p=l 

n 

+ ^2 x i ® ( E n+i,g ~ E n+ q ,i) (v) + bx n+i <g> V (3.57) 

9=1 

for i G l,n. 

On the other hand, (3.13) and (3.21) yield 

n 

cu(x <g> v) = ^2[-x n+i <g> (E ifi - E 0:n+i )(v) +Xi® (E 0ji - E n+ifi )(v)}, (3.58) 
i=i 

n 

(8) u) = x n+p <g> (^,„+ p - £ P ,n+i) (u) + a; ® (£;,o - E , n+i ) (u) 

p=l 

n 

+ ^2%r ® (-Bi, r - £n+r,n+i)(w), (3.59) 
r=l 

n 

w(a; n+ i <g> u) = z p <g> (# n +i,p - £«+?,*) (u) - x <g> (£ ,i - ^n+i,o) (u) 
P =i 

n 

+ J^a; n+S <g> (-B n +i,n+ s - (3-60) 

s=l 

Comparing the above six expressions, we get the conclusion in the lemma. □ 
We use the definition (2.76) and we have the o(2n + 1, C)-invariant operator 

n 

T = [J x + ^2(JiX n+i + J n+i Xi)]\fi. (3.61) 
i=i 

Lemma 3.5. We have T\^ = (2b - 2n + k + 1)77. 

(k) 

Proof. Let / G A k and v G M. According to (3.24) and (3.40), 

n 

JoX (f ®V) = X ^2\x s f <g> (£ , S - £ n +s,o)(^) + Xn+sf <8> (^O.n+s - #«,())(«)] 
s=l 

+P + 1 + 6)a;g - ,?]/ <g) v - r]x Q d X0 {f) ® u. (3.62) 



Moreover, (2.79), (3.23), (3.41) and (3.42) give 

n 

^2(JiX n +i + Jn+iXi)(f <g> V) 
i=l 

n 

= x y~][xjf <g> (E n+ifi - E 0>i )(v) + x n+i f <g> (E ifi - E , n +i)(v)] 
i=i 

n 2n 

+2[(6 + fc + 1) (J2 XiXn+i) - nr,} (/) <g> u - rr^ (/) ® u. (3.63) 

i=l i=l 

Thus 

T(f®v) = [2(b + k + l)-2n-l]r](f)®v-r]D(f)®v = (2b + k + 1 - 2n)r]f <g> v. (3.64) 
So the Lemma holds. □ 

For ^/i = Yli=i ^i e i e ^ + w ith «S(/x) = {n ,rii, ...,ra s }, we define 

e() = f® if ^= (Er=i^)/2, f3 65) 

vp; \ //1 + 2n - ni - N otherwise. v ; 

Theorem 3.6. For ^ // G A + ; £/ie generalized conformal o(2n + 2,C)-module 
V(fj) defined by (2.50), (2.51) except the last equation, and (3.31)-(3.\1) is irreducible if 
ieC\{n-N/2,6(//)}. 

Proof. By Lemma 3.3, it is enough to prove that the homomorphism ip defined in 
(3.53) satisfies (p(V ((/,)) = V(/i). According to (3.54), we only need to prove 

V?(V>) (fe) ) = n?( fc> (3-66) 

for any k G N. We will prove it by induction on k. 

When k — 0, (3.66) holds by the definition (3.53). Consider k — 1. Write /x = 
Y^i=\^i £ i e A + with «S(/x) = {n , ni, n s }. According to Lemma 3.2 and Lemma 3.4 
with M = V ([/,), the eigenvalues of Hy^) are among 

{6 — n, b + n ni _ 1 — rii-i, b — ji ni — 2n + rij for i £ 1, s}. (3.67) 



Recall that ^ £ N/2 for r £ l,n, 



^h-i -ftGN for t £ 1, n — 1 (3.68) 

and (2.12) holds. So 

-A*i+n<_i + ^j-i, Hn, + 2n - Hi e /ii + 2n - n x - N for i £ 1, s. (3.69) 



If b 4 iii + 2n — n-y — N and b ^ n, then all the eigenvalues of <f\{77~\ are nonzero. In the 
case ji = (52i=i £ i)/2, the eigenvalues ¥\y^ are & — n an d & + 1/2, which are not equal 
to because of b 4. n - N/2. Thus (3.66) holds for k = 1. 

Suppose that (3.66) holds for A; < £ with £ > 1. Consider k — £ + 1. Note that 

2ra 2ra 2n 

w = E v^n5 w ) = E J ^n3 w )i = E ( 3 - 7 °) 

i=0 i=0 i=0 

by the inductional assumption. To prove (3.66) with k = £ + 1 is equivalent to prove 

2n 



E J *(Hu) w ) = n"W ( 3 - 71 ) 

i=0 

For any w G V(a*)(«-i)> Lemma 3.5 says that 

n 

J (x u) + y^\Ji(x n+i u) + J n+i (xiM)] = (2b -2n + £)r)u. (3.72) 
i=i 

Since b 4. n - N/2, we have 26 - 2n + £ 7^ 0, and so (3.72) gives 

2n 

iju G J] J*(n3 w ) for u G (3.73) 



j=0 



Let g ®v E V(fx)^. According to (3.40)-(3.46) and Lemma 3.4, 

Jo(9®v) = -r]d xo (g)®v + g[(£ + b + u)(x ®v)], (3.74) 

J i (g®v) = -r)d Xn+i (g)®v + g[(£ + b + u)(x i ®v)], (3.75) 

J n +i{g ®v) = -r)d Xi (g) ®v + g[(£ + b + u)(x n+i ® v)\ (3.76) 



for iel,n (cf. (2.90) and (2.91)). Since 



2n 



r)d Xi {g)®v G J r{V{n) { i)) for2G0,2n (3.77) 



r=0 



by (3.73), Expressions (3.74)-(3.76) show 



In 



g[{£ + b + u)(xi® v)} G J r{V{n){i)) for i e 0, 2n, 5 G ^. (3.78) 



r=0 



According to Lemma 3.2 and 3.4, the eigenvalue of {£ + b + w )ly^7) are among 

{& + £ - n, 6 + £ + Ati +ni _ 1 - rij_i, 6 + £ - - 2n + nj | i G 1, s}. (3.79) 

Again 

— £ — /ii +ni l + rij_i, — £ — /i ni + 2n — rij G + 2n — ni — N for i 6 1, s. (3.80) 



If b g {n — N/2, Hi + 2n — n\ — N}, then all the eigenvalues of (£ + b + Cj)\^j^ are 
nonzero. In the case // = (X^"=i e *)/2> the eigenvalues of (£ + b + are b + £ — n 

and 6 + £ + 1/2, which are not equal to because of b £ n — N/2. Hence 

(€ + 6 + w)(V(3 (1> )=V(3 (1> . (3.81) 

By (3.78) and (3.81), 

2n 

S(VX3 (1) ) C J] J r (VX3 w ) for 5 G ^, (3.82) 

r=0 

equivalently, (3.66) holds for k — £ + 1. By induction, (3.66) holds for any k e N. □ 

We remark that the o(2n + 3,C)-module V(/i) is o(2n + l,C)-finite, that is, ^(/x) 
is of ((/,/C)-type with £ = o(2n + 3,C) and /C = o{2n + 1,C). Up to this stage, we 
do not known if the condition in Theorem 3.6 is necessary for the generalized conformal 
o(2n + 3,C)-module V(fi) to be irreducible if // ^ 0. In the case [i = 0, the situation 
becomes clear. 

Theorem 3.7. The generalized conformal o{2n + 3,C)-module V(0) is irreducible if 
and only ifb ^ —N. When b = 0, V(0) is isomorphic to the natural conformal o(2n+3, C)- 
module A, on which A(f) = $(A)(f) for A e o(2n + 3, C) and f e A (cf. (2.45)- (2.48), 
(3.35) and (3.36)). The subspace C forms a trivial o(2n+3, C)-submodule of the conformal 
module A and the quotient space A/C forms an irreducible o(2n + 3, C) -module. 

Proof. Pick 0^w 6 V(0). Then V(0) = A® v . We only list some facts different 
from the proof of Theorem 2.7. Since V(0) is the trivial o(2n + 1, C)-module, 

Jo(f ® vo) = MD + b) - r)d xo ](f) ® v . (3.83) 

Recall (3.22) and (3.49). Set 

n k = {fe A k | A(/) = 0} for fceN. (3.84) 

Then Ti k ®i> is an irreducible o(2n + 1, C)-submodule also with the highest-weight vector 
x\ <S>v . Moreover, 

[A, 77] = 1 + 2n + D. (3.85) 

Furthermore, 

Jo(x[- r - l x r n+1 ®v ) = (b + £- l)x[- r ' l x x r n+l ® v (3.86) 

and x e 1 ~ 2r ~ 1 x E H^r- By the similar arguments as those in the Proof of Theorem 2.7, 
we can prove the conclusion in Theorem 3.7. □ 
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